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Problem statement

• Notation

𝑥 ∈ 𝜴: Input

𝑧 ∈ 𝓛: Latent input

𝑦 ∈ ℝ : Output

𝐷 = 𝑥𝑖 , 𝑦𝑖 𝑖 = 1,… , 𝑛 : Observation set

𝜃 ∈ 𝚯: Model parameters

Vectors are column vectors by default

Capital letters refer to matrix

- X = 𝑥1, 𝑥2, … , 𝑥𝑛
𝑇 𝑤ℎ𝑒𝑟𝑒 𝑥𝑖 ∈ 𝛀
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Inference problem

The inference problem is to compute the conditional density (posterior distribution) 𝒑 𝜽 𝑫 of the model 
parameters given the observation.

We can write the conditional density as

The denominator contains the marginal density of the observation, also called the evidence.

We calculate it by marginalizing out the latent variables from the joint density. 

The evidence 𝒑(𝑫) is what we need to compute.

𝒑 𝜽 𝑫 =
𝑝(𝜃, 𝐷)

𝑝(𝐷)
=
𝑝(𝐷|𝜃)𝑝(𝜃)

𝑝(𝐷)

𝑝 𝐷 = න𝑝 𝜃, 𝐷 𝑑𝜃
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Inference problem

In deterministic model, we should get the fixed model parameters 𝜃.

So in this case, we estimate the model parameters ෡𝜽 from the MLE, and the predictive model is given as follows:

In probabilistic model (Bayesian model) 

To get the predictive distribution, we should calculate the posterior distribution or generate samples.

𝒑 𝒚′|𝒙′, 𝑫 = න𝑝 𝑦′|𝑥′, 𝐷, 𝜃 𝒑(𝜽|𝑫) 𝑑𝜃

= 𝑝׬ 𝑦′|𝑥′, 𝜃 𝒑(𝜽|𝑫) 𝑑𝜃 (∵ 𝐷 tells no more than what 𝜃 does)

𝒚′ = 𝑓෡𝜽 𝑥′ 𝑤ℎ𝑒𝑟𝑒 ෡𝜽 𝑖𝑠 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒𝑑 𝑏𝑦 𝑀𝐿𝐸.
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Variational inference and MCMC

MCMC(Markov chain Monte Carlo) algorithms approximate the posterior with samples from the chain. 

MCMC generates 𝜃1, 𝜃2, … , 𝜃𝑛 ~ 𝑟. 𝑣 𝑤𝑖𝑡ℎ 𝑝 𝜃 𝐷 . (with abuse of notation)

Variational inference algorithms solve an optimization problem to get the tractable proxy model.

We utilizes KL divergence to obtain an similar proxy distribution q𝜏 fully defined by 𝜏 from some function space ℱ.

𝑝 𝑦′|𝑥′, 𝐷 = න𝑝 𝑦′|𝑥′, 𝜃 𝒑(𝜽|𝑫) 𝑑𝜃 =
1

𝑛
෍

𝑖=1

𝑛

𝑝 𝑦′ 𝑥′, 𝜃𝑖

𝑞𝜏
∗ = min

𝑞𝜏∈ℱ
𝐾𝐿(𝑞𝜏 𝜃 , 𝑝 𝜃|𝐷 )

𝑝 𝑦′|𝑥′, 𝐷 = න𝑝 𝑦′|𝑥′, 𝜃 𝒒𝝉
∗(𝜽) 𝑑𝜃
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Variational inference

One of the key ideas behind variational inference is to define a family of proxy distribution ℱ to be flexible enough 
to capture a density close.

To 𝑝(𝜃|𝐷), but simple enough for efficient optimization.

In usual, instead of minimization of KL divergence, we solve the maximization problem of ELBO (Evidence lower 
bound)

We can decompose the prior distribution into as follows:

𝑞𝜏
∗ = min

𝑞𝜏∈ℱ
𝐾𝐿(𝑞𝜏 𝜃 , 𝑝 𝜃|𝐷 ) = min

𝑞𝜏∈ℱ
log 𝑝(𝐷) − E𝑞𝜏 log 𝑝 𝜃, 𝐷 + E𝑞𝜏 log 𝑞 𝜃

= max
𝑞𝜏∈ℱ

E𝑞𝜏 log 𝑝 𝜃, 𝐷 − E𝑞𝜏 log 𝑞 𝜃 = max
𝑞𝜏∈ℱ

𝐸𝐿𝐵𝑂(𝑞𝜏)

𝑝 𝐷 = 𝐸𝐿𝐵𝑂 𝑞𝜏 + 𝐾𝐿(𝑞𝜏 𝜃 , 𝑝 𝜃 𝐷 )
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Theoretical guarantee

Since variational inference easily takes advantage of methods like stochastic optimization, distributed optimization 
(though some MCMC can also exploit these innovations)

MCMC is suited to smaller data sets and scenarios where we happily pay a heavier computational cost for more 
precise samples.

Moreover, traditionally, MCMC has guarantee for convergence but variational inferenence does not. In these days, 
there is some research to show the guarantee of variational inference for convergence.

Yang, Yun, Debdeep Pati, and Anirban Bhattacharya. "$\alpha $-variational inference with 

statistical guarantees." The Annals of Statistics 48.2 (2020): 886-905.

Zhang, Fengshuo, and Chao Gao. "Convergence rates of variational posterior distributions." The 

Annals of Statistics 48.4 (2020): 2180-2207.
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Scalable Variational Gaussian Process regression

J. Hensman, N. Fusi, and N. D. Lawrence. Gaussian processes for big data. In A. Nicholson 

and P. Smyth, editors, Uncertainty in Artificial Intelligence, volume 29. AUAI Press, 2013r

1. Using 𝒎 < 𝒏 inducing point, 𝑈, we replace the exact kernel, 𝐾 by Nystr öm approximation.

2. In inducing point method, we need to approximate posterior distribution

3. They introduce a variational distribution 𝒒 to approximate this distribution.

𝒑 𝒚 𝒖 = log 𝐸𝑝 𝑓 𝑢 𝑝 𝑦 𝑓 ≥ 𝐸𝑝 𝑓 𝑢 log 𝑝 𝑦 𝑓 ≈ ෥𝒑(𝒚|𝒖)

𝑲𝑿𝑿 ≈ 𝐾𝑋𝑈𝐾𝑈𝑈𝐾𝑈𝑋
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Gaussian process classification

In the regression setting, when the likelihood is Gaussian, inference can be performed in closed-form using linear

algebra.

When the likelihood is non-Gaussian, such as in GP classification, the posterior and marginal likelihood must be 
approximated. 

In this case, approximation step is replaced into variational inference.

𝑦 = 𝑓 𝑥 + 𝜖, 𝜖~𝑁 0, 𝜎𝑛
2𝐼

𝑝 𝑦 𝑥, 𝜃 = 𝐿𝑖𝑘𝑒𝑙𝑖ℎ𝑜𝑜𝑑 = 𝑝 𝑦 𝑓 𝑥 ~𝑁(𝑓 𝑥 , 𝜎𝑛
2𝐼)

𝑝 𝑦 𝑓 𝑥 ~𝐵𝑒𝑟𝑛𝑜𝑢𝑙𝑙𝑖 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛
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