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The Gaussian process is a set of random variables {f (x)|x ∈ X } for which any finite subset follows a Gaussian 
distribution. Gaussian process regression is a nonparametric regression, that is, no deterministic parametric form is 
assumed for the relationship, 𝒇 between input data 𝑿 and output data 𝒀.

We want to estimate the relationship, 𝑓 by Gaussian process regression which returns a normal distribution.
y = 𝑓 𝑥 + 𝜖 𝑤ℎ𝑒𝑟𝑒 𝜖~𝑁 0, 𝜆2𝐼

We assume that y to be obscured by stochastic noise.

𝑓 𝑥1, 𝑥2, 𝑥3 |𝑋, 𝑌 ~ 𝑁(𝜇, Σ)

Degenerate Kernel
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Gaussian Kernel Matern 32 Kernel Matern 52 Kernel Gaussian Kernel
with direction (1,1).

Polynomial Kernel

The Gaussian process is defined completely with Kernel function, 𝐾 and mean function, 𝑚. 

In many research, it is common to consider GPs with a zero mean function.

Kernel function, 𝐾 represents the distance between 𝑥1, 𝑥2 ∈ 𝑋.

Ex) 𝐾 𝑥1, 𝑥2 = 𝜎 𝑒𝑥𝑝 −
𝑥1−𝑥2

2

2𝑙
where 𝜎, 𝑙 are kernel′s parameter
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With observed data 𝑋, 𝑌 , we want to predict the function value 𝑓(𝑥’) according to the 𝑥’. 

Prediction model (Posterior model)

𝑓(𝑥′)|𝑥′, 𝑋, 𝑌~𝑁(𝐾 𝑥′, 𝑋 𝑲 𝑿, 𝑿 + 𝝀𝟐𝑰
−𝟏

𝑌, 𝐾 𝑥′, 𝑥′ − 𝐾 𝑥′, 𝑋 𝑲 𝑿, 𝑿 + 𝝀𝟐𝑰
−𝟏

K(X, x′))

For large-sized data, Full-GP is hardly applicable due to the computational cost of 𝑲 𝑿, 𝑿 + 𝝀𝟐𝑰
−1

:

Time complexity: O 𝑛3

Memory footprint complexity: O 𝑛2 where 𝑛 is number of data.

Problem statement
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Problem statement

For simplicity, we will show how to calculate the 𝑲 𝑿, 𝑿 −1 efficiently in terms of computation time.

→ Scalable Gaussian process
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1. Scalable Gaussian process

1. Global approximation

전체데이터중일부를선택하거나대표점들을통해전체를표현하는 approximation방법이다.
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1. Global approximation

1. Subset-of-Data

Select 𝑛′ < 𝑛 training point, 𝑋′ ⊂ 𝑋 as a training dataset

2. Using inducing point

Using m < 𝑛 inducing point, 𝑈, we replace the exact kernel, 𝐾 by Nystr ̈om approximation.

Global approximation

𝜇′ = 𝐾 𝑥′, 𝑋 𝑲 𝑿, 𝑿 −𝟏𝑌 = 𝐾𝑥’𝑋 𝑲𝑿𝑿
−𝟏𝑌

𝑲𝑿𝑿 ≈ 𝐾𝑋𝑈𝐾𝑈𝑈𝐾𝑈𝑋
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1. Global approximation

3. Using Kronecker product

Suppose that input data, 𝑋 lie on a Cartesian grid

Then we can calculate the inverse 𝑲𝑿𝑿
−𝟏 quickly.

Global approximation

𝜇′ = 𝐾 𝑥′, 𝑋 𝑲 𝑿, 𝑿 −𝟏𝑌 = 𝐾𝑥’𝑋 𝑲𝑿𝑿
−𝟏𝑌

𝑿 = 𝑿(𝟏) × ⋅⋅⋅× 𝑿(𝒅) where 𝑿(𝒊) represents the vector of 𝑋 along dimension 𝑖

𝑲𝑿𝑿 = 𝑲𝑿(𝟏)𝑿(𝟏)⨂ ⋅⋅⋅ ⨂𝑲𝑿(𝒅)𝑿(𝒅) where ⨂ represents the Kronecker product
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1. Scalable Gaussian process

2. Local approximation

전체데이터가나눠진여러 local 데이터로각각의 local 모델을학습하고각모델을연결하는
approximation방법이다.

Local approximation
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2. Local approximation

1. Patch Kriging

Divide the domain into 𝑘 local domain and learn the model for each domain.

1. How to smooth the local expert for each overlapped domain.

2. How to divide the domain into local domain

𝜇′ = 𝐾 𝑥′, 𝑋 𝑲 𝑿, 𝑿 −𝟏𝑌 = 𝐾𝑥’𝑋 𝑲𝑿𝑿
−𝟏𝑌

Local approximation

𝑂 𝑛3 → 𝑂 𝑛1
3 + ⋯ + 𝑛𝑘

3 + 𝑂(∗) 𝑤ℎ𝑒𝑟𝑒 ∑𝑛𝑖 = 𝑛
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2. Local approximation

2. Mixture of Experts

Joint learning of probabilistic partition of input space and diverse experts for different but overlapped 
sub-regions

𝜇′ = 𝐾 𝑥′, 𝑋 𝑲 𝑿, 𝑿 −𝟏𝑌 = 𝐾𝑥’𝑋 𝑲𝑿𝑿
−𝟏𝑌

Local approximation



Acutally, we don’t need the inverse, 𝐾−1, we just need the matrix-vector multiplication 𝐾−1𝑌

Change the inversion problem into optimization problem and solve that problem by multiple matrix multiplication.

Matrix multiplication = GPU’s work

Gaussian process with GPU
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Black-box Matrix multiplication

𝜇′ = 𝐾𝑥’𝑋 𝑲𝑿𝑿
−𝟏𝑌

Gardner, Jacob, et al. "Gpytorch: Blackbox matrix-matrix 

gaussian process inference with gpu acceleration." Advances in 
neural information processing systems 31 (NIPS), 2018.
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KeOps

Three types of matrix:

Dense matrix

Sparse matrix

Symbolic matrix

We can express the 𝐾 𝑋1, 𝑋2 with only three 
elements 𝐾, 𝑋1 , 𝑋2.

This paper use the idea that low Kolomogorov complexity of the 
dataset can improve model efficiency.

Charlier, B., Feydy, J., Glaunès, J. A., Collin, F.-D. & Durif, G. 

“Kernel Operations on the GPU, with Autodiff, without Memory 

Overflows”. Journal of Machine Learning Research 22, 1–6 

(JMLR), 2021.

Matrix type on GP framework

𝜇′ = 𝐾𝑥’𝑋 𝑲𝑿𝑿
−𝟏𝑌
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Online Gaussian process

1. JIT(Just-in-time) model

Use whole history for training with short learning time.

2. Moving average

Update the model or utilize (latest) k data point for training model.
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Online Gaussian process

Moving average

Utilize latest k data point for training model

1. Decide whether to include new data in the training dataset

2. Select k data that best describes all previous data

Update the model

1. Calculate the mean, likelihood, and variance of t+1 time using the previous ones.
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Appendix

• Notation

y ∈ 𝑅 : Output data (Dependent variable)

x ∈ 𝐴: Input data (Independent variable)

𝐷 = 𝑥𝑖 , 𝑦𝑖 𝑖 = 1, … , 𝑛 : Data set of n observation, 

𝑤 : weight of the function (weight space view)

𝑓 ∶ 𝐴 → 𝑅 function which we want to optimize (function space view)

All vectors are column vectors.

Capital letters refer to matrix

- X = 𝑥1, 𝑥2, … , 𝑥𝑛
𝑇 𝑤ℎ𝑒𝑟𝑒 𝑥𝑖 ∈ Ω
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FITC, PITC

Using m inducing point, 𝑈, we replace the exact kernel, 𝐾 by Nystr ̈om approximation, 𝑄.

Common assumption

p 𝑦′, 𝑌 𝑈 = p 𝑌 𝑈 p(𝑦′|𝑈)

FITC

p 𝑦1, 𝑦2 𝑈 = p 𝑦1 𝑈 p 𝑦2 𝑈 𝑓𝑜𝑟 𝑎𝑛𝑦 𝑦1, 𝑦2 ∈ 𝑌

PITC

p 𝑦1, 𝑦2 𝑈 = p 𝑦1 𝑈 p 𝑦2 𝑈 𝑓𝑜𝑟 𝑎𝑛𝑦 𝑦1 ∈ 𝑌𝑖 , 𝑦2 ∈ 𝑌𝑗 , 𝑖 ≠ 𝑗

𝜇′ = 𝐾 𝑥′, 𝑋 𝑲 𝑿, 𝑿 −𝟏𝑌 = 𝐾𝑥’𝑋 𝑲𝑿𝑿
−𝟏𝑌

Qab = KauK𝑈𝑈
−1 Kub

𝜇′ = 𝑄𝑥’𝑋
෣𝑲𝑿𝑿

−𝟏
𝑌

෣𝑲𝑿𝑿 = 𝑸𝑿𝑿 + 𝒅𝒊ag KXX − QXX

෣𝑲𝑿𝑿 = 𝑸𝑿𝑿 + 𝒃𝒍𝒐𝒄𝒌𝒅𝒊ag KXX − QXX
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Variational free energy

Using m inducing point, u, we replace the exact kernel by Nystr ̈om approximation.

𝜇′ = 𝐾 𝑥′, 𝑋 𝑲 𝑿, 𝑿 −𝟏𝑌 = 𝐾𝑥’𝑋 𝑲𝑿𝑿
−𝟏𝑌

Qab = KauKuu
−1Kub

Time complexity: O(nm2), Memory complexity: O(nm2)

𝜇′ = 𝑄𝑥’𝑋
෣𝑲𝑿𝑿

−𝟏
𝑌

෣𝑲𝑿𝑿 = 𝑸𝑿𝑿 + 𝒅𝒊ag KXX − QXX

෣𝑲𝑿𝑿 = 𝑸𝑿𝑿 + 𝒃𝒍𝒐𝒄𝒌𝒅𝒊ag KXX − QXX
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